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ABSTRACT
Using a nonlinear mean-field solar dynamo model, we study relationships between the amplitude
of the ‘extended’ mode of migrating zonal flows (‘torsional oscillations’) and magnetic cycles, and
investigate whether properties the torsional oscillations in subsurface layers and in the deep convection
zone can provide information about the future solar cycles. We consider two types of dynamo models:
models with regular variations of the alpha-effect, and models with stochastic fluctuations, simulating
‘long’- and ’short-memory’ types of magnetic activity variations. It is found that torsional oscillation
parameters, such the zonal acceleration, show a considerable correlation with the magnitude of the
subsequent cycles with a time lag of 11-20 yr. The sign of the correlation and the time-lag parameters
can depend on the depth and latitude of the torsional oscillations as well as on the properties of long-
term (‘centennial’) variations of the dynamo cycles. The strongest correlations are found for the zonal
acceleration at high latitudes at the base of the convection zone. The model results demonstrate that
helioseismic observations of the torsional oscillations can be useful for advanced prediction of the solar
cycles, one-two sunspot cycles ahead.
1. INTRODUCTION
According to the current knowledge, global hydromagnetic dynamo acting inside the Sun determines the nature of
the solar magnetic activity. Parker (1955) showed that the dynamo action involves the cyclic transformation of poloidal
and toroidal components of the global magnetic field of the Sun. This scenario suggests that the magnetic field of
bipolar active regions is formed from the large-scale toroidal magnetic field that is generated from the axisymmetric
poloidal magnetic field by differential rotation deep in the convection zone. Parker (1955) and Krause & Ra¨dler
(1980) suggested a mechanism of generation of the large-scale poloidal magnetic field from the toroidal field through a
turbulent electromotive force excited by cyclonic convection. It is the so-called ‘alpha - effect’. The mechanism of the
generation of the large-scale poloidal magnetic field is not yet fully established. Several alternative mechanisms of the
poloidal field generation can be found in the literature (Babcock 1961; Choudhuri & Dikpati 1999; Charbonneau 2011;
Cameron & Schu¨ssler 2017). In general, the dynamo action provides mutual cyclic amplification of the poloidal and
toroidal components of the large-scale magnetic field (LSMF). In a stationary regime, the dynamo generation saturates
due to nonlinear effects, e.g., because of magnetic helicity conservation (Kleeorin & Rogachevskii 1999; Kleeorin et al.
2000), magnetic buoyancy (Parker 1984), and magnetic feedback on the angular momentum and heat transport in the
solar convection zone (see reviews of Brandenburg & Subramanian 2005; Brandenburg 2018).
A well-known method of solar-cycle forecast employs an empirical relationship between the amplitude of the generated
toroidal field and the strength of the poloidal magnetic field during the preceding solar minima (Schatten et al. 1978).
This relationship makes it possible to predict the sunspot maxima from the amplitude of the polar field observed
during the previous solar activity minima. The forecast horizon of this method is approximately 5-6 years, half the
11-year solar cycle. This relationship is employed in the flux-transport and Babcock-Leighton types of dynamo models
(Choudhuri et al. 2007). One possibility to improve the forecast is to take into account the nonlinear relationship
between global flows and magnetic fields of the Sun. From the analysis of helioseismic measurements of zonal flows
migrating during the solar cycle in the convection zone (so-called ‘torsional oscillations’) Kosovichev & Pipin (2019)
argued that the amplitude of the zonal acceleration in a high-latitude region at the base of the convection zone during
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the solar maxima may give information about the strength of the following sunspot maxima. If confirmed, this
relationship would give to the solar activity forecast a full 11-year cycle ahead.
We study theoretical relationships between the variations of the torsional oscillations and the amplitude of solar
cycles. In particular, we consider fully dynamical mean-field dynamo models that reproduce the observed ‘extended’
22-year mode of the torsional oscillations. The extended wave of zonal variations of rotation propagates from high
latitudes to the equator during the 22-year ‘extended’ solar cycle (Altrock 1997; Ulrich & Boyden 2005). Recently,
Kosovichev & Pipin (2019) and Pipin & Kosovichev (2019) presented observational and theoretical evidence in favor
of the global nature of this wave in the solar dynamo process. These results indicated a possibility for using
characteristics of the torsional oscillations, inferred through helioseismology analysis, for solar-cycle forecasting. The
advantage of this approach is that helioseismology can provide measurements of the torsional oscillations through the
whole convection zone, including the tachocline region which is a primary seat of the solar dynamo.
In this study, we employ the non-linear dynamo model that couples the magnetic field evolution with global dynamic
and thermodynamic variations in the convection zone and provides a realistic description of the torsional oscillations
and their extended mode. To investigate correlations between the torsional oscillations and magnetic activity, we
consider variations of the magnetic activity cycles, which are modeled using fluctuations of the alpha-effect. We consider
two types: a long-term evolution corresponding to ‘centennial’ variations of the solar activity, and short-term random
fluctuations. In Section 2, we describe the models. In Section 3, we present results for a series of dynamo models and
investigate correlations between the subsurface and surface flow characteristics and the subsurface toroidal magnetic
field of the subsequent activity cycles. We evaluate the forecasting potentials and compare them with the correlations
based on the relationship of the polar field strength and the following cycle amplitude. The paper concludes with a
discussion of the main results.
2. BASIC EQUATIONS
2.1. Dynamo model
A detailed description of the dynamo model can be found in our previous paper (Pipin & Kosovichev 2019, hereafter
PK19). The model describes the dynamo generation of large-scale magnetic fields (LSMF) in the bulk of the solar
convective zone (CZ). The model is based on the mean-field induction equation (Krause & Ra¨dler 1980):
∂tB =∇×
(E +U×B), (1)
where the induction vector of the LSMF, B, is represented as the sum of the toroidal and poloidal components:
B = φˆB +∇× Aφˆ
r sin θ
,
where r is the radial distance, θ is the polar angle, φˆ is the unit vector in the azimuthal direction. The mean
electromotive force E describes the turbulent generation effects, pumping, and diffusion:
Ei = (αij + γij)Bj − ηijk∇jBk. (2)
where the symmetric tensor αij stands for the turbulent generation of the LSMF by kinetic and magnetic helicities;
the antisymmetric tensor γij describes the turbulent pumping effect; the anisotropic (in the general case) tensor ηijk
is the eddy diffusivity of the LSMF Pipin (2018). The large-scale (LS) flow field, U = U
m
+ r sin θΩ (r, θ) φˆ produces
the LS toroidal magnetic field from the LS poloidal field by means of the differential rotation, Ω (r, θ). The meridional
circulation, U
m
, advects the LSMF in the convection zone. The angular momentum conservation and the equation for
the azimuthal component of large-scale vorticity, ω =
(
∇×Um
)
φ
, determine distributions of the differential rotation
and meridional circulation:
∂
∂t
ρr2 sin2 θΩ =−∇·
(
r sin θρ
(
Tˆφ + r sin θΩU
m
))
(3)
+∇·
(
r sin θ
BBφ
4pi
)
,
∂ω
∂t
=r sin θ∇ ·
(
φˆ×∇·ρTˆ
rρ sin θ
− U
m
ω
r sin θ
)
(4)
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+ r sin θ
∂Ω2
∂z
− g
cpr
∂s
∂θ
+
1
4piρ
(
B·∇) (∇×B)
φ
− 1
4piρ
((∇×B) ·∇)Bφ,
where Tˆ is the turbulent stress tensor:
Tˆij =
(
〈uiuj〉 − 1
4piρ
(
〈bibj〉 − 1
2
δij
〈
b2
〉))
, (5)
(see detailed description in PK19). Also, ρ is the mean density, s is the mean entropy; ∂/∂z = cos θ∂/∂r− sin θ/r · ∂/∂θ
is the gradient along the axis of rotation. The mean heat transport equation determines the mean entropy variations
from the reference state due to the generation and dissipation of LSMF and large-scale flows (Pipin & Kitchatinov
2000):
ρT
(
∂s
∂t
+
(
U ·∇) s) = −∇ · (Fc + Fr)− Tˆij ∂U i
∂rj
− E · (∇×B) , (6)
where T is the mean temperature, Fr is the radiative heat flux, Fc is the anisotropic convective flux. An analytical
mean-field expression for Fc takes into account the effect of the Coriolis force, and the influence of the LSMF on the
turbulent convection (see, PK19). The last two terms in Eq (6) take into account the convective energy gain and sink
caused by the generation and dissipation of LSMF and large-scale flows. The reference profiles of mean thermodynamic
parameters, such as entropy, density, and temperature are determined from the stellar interior model MESA (Paxton
et al. 2011, 2013). The radial profile of the typical convective turnover time, τc, is determined from the MESA code,
as well. We assume that τc does not depend on the magnetic field and global flows. The convective RMS velocity is
determined from the mixing-length approximation,
uc =
`c
2
√
− g
2cp
∂s
∂r
, (7)
where `c = αMLTHp is the mixing length, αMLT = 1.9 is the mixing length parameter, and Hp is the pressure height
scale. Eq. (7) determines the reference profiles for the eddy heat conductivity, χT , eddy viscosity, νT , and eddy
diffusivity, ηT , as follows,
χT =
`2
6
√
− g
2cp
∂s
∂r
, (8)
νT = PrTχT , (9)
ηT = PmTνT. (10)
The model gives the best agreement of the angular velocity profile with helioseismology results for PrT = 3/4 (PK19).
Also, the dynamo model reproduces the solar magnetic cycle period, ∼ 22 years, if PmT = 10.
Figure 1 shows the angular velocity profile, streamlines of the meridional circulation, the radial profiles of the α -
effect, and the eddy diffusivity in the model. The magnitude of the meridional flow on the surface is about 14 m/s.
The angular velocity profile agrees well with helioseismology data. A detailed theoretical discussion of the mechanisms
generating the differential rotation and meridional circulation in our model can be found in Pipin & Kosovichev (2018)
(also see, Kitchatinov & Ru¨diger 1999, 2005). The model includes a phenomenological description of the tachocline
where the differential rotation is transformed into a solid body rotation. We assume that the intensity of turbulent
mixing in the tachocline drops exponentially with distance from the bottom of the convection zone and that the α -
effect vanishes in the tachocline.
In the model, the magnetic field strength at the bottom of the convection zone may reach several kilogauss. The
magnetic field may cause relative variations of the convective heat flux inside the convection zone, which can reach 2%
(Pipin 2018). However, these variations deep inside the convection zone do not cause significant changes of the heat
flux on the surface, because their effect is screened due to the huge heat capacity of the turbulent plasma in the solar
interior (e.g. Stix 1981; Spruit 2000). In the models presented in this paper, the maximum surface variations of the
entropy do not exceed 5× 10−4. Such variations are in line with the observed changes of the total solar irradiance.
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Figure 1. a) The basic angular velocity profile and the streamlines of the meridional circulation; b) the radial profiles of
the α-effect tensor at latitude 45◦; c) radial profiles of the total, ηT + η||, and the rotationally induced part, η||, of the eddy
magnetic diffusivity.
2.2. Magnetic helicity and α-effect fluctuations
Similar to our previous papers, we employ the α-effect tensor, which represents a combination of kinetic and magnetic
helicities in the following form:
αij =Cα
(
1 + ξ(α) (t)
)
ψα(β)α
(H)
ij + α
(M)
ij ψα(β)
χτc
4piρ`2
, (11)
where ξ(α) (t) is the fluctuating part of kinetic helicity tensor, α
(H)
ij (Fig. 1b shows the radial profile of the tensor
components); χ = a · b is the magnetic helicity density (a and b are the turbulent parts of the magnetic vector
potential and magnetic field vector), and tensor α
(M)
ij takes into account the effect of the Coriolis force. Function
ψα(β) stands for the ‘algebraic’ saturation of the α- effect caused by the small-scale Lorentz force, which opposes
convective motions across the field lines of the LSMF, where, β =
∣∣B∣∣ /√4piρu2c . For strong LSMF, when β  1,
ψα(β) ∼ β−3. A detailed description of α(H)ij , α(M)ij and ψα(β) is given by Pipin (2018). The magnetic helicity
evolution follows the conservation law:
∂χ(tot)
∂t
= − χ
Rmτc
− 2ηB · J−∇·F− (U ·∇)χ(tot) (12)
where
χ(tot) = A ·B = A ·B+ a · b, (13)
B = ∇×A, A is the LSMF vector potential; Rm is the magnetic Reynolds number, (we put Rm = 106). We assume
that the eddy diffusivity of the magnetic helicity is isotropic and that the diffusive helicity flux F = −ηχ∇χ, where
ηχ = 0.1ηT (Mitra et al. 2010).
In this study, we perform several runs of the dynamo model different parameters of the kinetic helicity. In the first
three runs, models C1, C2, and C3, we vary the dimensionless α-effect parameter, Cα = {0.04, 0.05, 0.06}. The value
Cα = 0.04 is slightly above the dynamo instability threshold.
In model C4, we simulate long-term magnetic activity variations by increasing Cα from 0.04 to 0.08 after each cycle
and then decreasing it back in the same way. In model C4, the α - effect coefficient, Cα, increases by a constant value
after each half-cycle and then drops below the critical threshold (Fig. 2a). It was carried out as follows. We start the
run with the magnetic field distribution taken around the magnetic cycle minimum and with the slightly super-critical
Cα = 0.04. Then, every ten years, we increase Cα by 0.01 until it reaches 0.08. After this moment, we decrease the
parameter every ten years by the same amount −0.01 until the value Cα = 0.02. Then, the procedure is repeated.
In model C5, we consider random fluctuations of the α-effect in time (Fig. 2b), which simulate random variations
of the cycle amplitude. Similarly to Rempel (2005) and Kitchatinov et al. (2018), we model the random parameter
ξ(α) via the Ornstein–Uhlenbeck process, i.e., the evolution of the ξ(α) is governed by the systems of the stochastic
differential equations,
ξ˙(α) =− 2
τξ
(
ξ(α) − ξ1
)
,
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Figure 2. Variations of the α-effect parameter, Cα in Models C4 and C5
Model Cα P [YR] D[G] Bφ[G] ∂tUφ[10
−8m s−2]
C1 0.04 12 3.2 800/2700 2.4
C2 0.05 10.2 4.3 990/3100 3.4
C3 0.065 8.3 5.0 1350/3500 5.8
C4 0.03 - 0.08 7.5/14 3 /5.1 1500/3600 7.0
C5 0.05×
(
1 + ξ(α)
)
,
σ (ξ) = 0.3,
τξ = 2yr
7.5/13 3.2/4.9 1500/3600 10.0
Table 1. Model parameters: Cα is the dimensionless parameter of the α-effect; P is half of the dynamo period; D is the
maximum strength of the dipole component of the LSMF; Bφ is the maximum strength of the toroidal LSMF in the subsurface
layer r = 0.9R, and near the bottom of the convection zone (r = 0.74R); ∂tUφ is the amplitude of solar-cycle variations of the
zonal acceleration.
ξ˙1 =− 2
τξ
(ξ1 − ξ2) ,
ξ˙2 =− 2
τξ
(
ξ2 − g
√
2τξ
τh
Θ
)
,
where g is a Gaussian random number which is renewed at every time step, τh is the time step of the numerical
simulations, τξ is the relaxation time of ξ
(α) and ξ1,2,3 are auxiliary parameters that are introduced to smooth variations
of ξ(α) with its first- and second-order derivatives. To generate the α-effect randomness in colatitude we introduce the
random function Θ, renewed at each time step as well. It is defined as follows. We generate spatially random Gaussian
sequences, Θ (θj), where θj are the collocation points of the Legendre polynomials, and 〈Θ (θj)〉 = 0, σ (Θ) = 1. Then,
the sequence Θ (θj) is decomposed into the Legendre polynomials. Finally, we filter out all the Legendre harmonics
higher than ` = 5, and normalize Θ (θ) to unity. The resulted latitudinal fluctuations of the α-effect are described by
the smooth functions. We use a small level of long-term fluctuations with σ (g) = 0.2 and τξ = 2 yr.
Models C4 and C5 can be considered as ‘long-’ and ‘short-memory’ type models of the solar cycle. While the exact
cause of the observed solar-cycle variations is not known these models are suitable to study statistical relations between
the torsional oscillations and the magnetic cycle parameters. Parameters of the models are given in Table 1.
3. RESULTS
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Figure 3. Model C2, a) variations of the radial magnetic field at the surface (color image) and the strength of the toroidal
magnetic field at r = 0.95R (contour lines cover the interval ±1 kG); b) the zonal acceleration at the surface; c) variations of
low order harmonics U
(`)
,t (` = 1−21) of the zonal acceleration at the surface; d) contours show the toroidal LSMF at r = 0.95R,
and the background color image shows the toroidal LSMF evolution near the bottom of the convection zone, r = 0.73R; e)
and f) the same as in panels b) and c) for r = 0.73R.
3.1. Model characteristics
Figure 3 shows the time-latitude diagrams evolution of the LSMF and the zonal acceleration at the surface and the
bottom of the convection zone for model C2. The time-latitude diagrams are similar to those published in PK19. The
wave-like migration of the toroidal LSMF has two branches: polar and equatorial. The equatorial branch near the
bottom of the convective zone goes ahead of the wave near the surface by about half the full magnetic cycle (' 11 yr).
At the surface, the extended wave of torsional oscillations starts propagating from high latitudes to the equator. At
the same time, a new wave of the toroidal LSMF starts near the bottom of the convective zone.
To characterize the magnetic cycle strength, we introduce the total unsigned magnetic flux FT of the toroidal LSMF
in the subsurface layer, 0, 89− 0.99R:
FT =
∫ 1
−1
∫ 0.99R
0.89R
∣∣Bφ∣∣ rdrdµ, (14)
where µ = cos θ. Similarly, we define the toroidal magnetic fluxes for each hemisphere, FNT and F
S
T . Note, that
FT = F
N
T + F
S
T . Also, we use a decomposition of the surface radial magnetic field into a set of normalized Legendre
polynomials P` :
Br =
∑
`=1,N
B(`)r (t)P` (cos θ) , (15)
and define the strength of the dipole component of the radial magnetic field, D = B
(1)
r . For characterization of the
spatial structure of the torsional oscillations, we consider parameters of the spectrum of zonal acceleration in the form:
∂tUφ =
∑
U
(`)
,t (t)P
1
` (cos θ) , (16)
where where P 1` is a set of normalized associated Legendre polynomials.
Figures 3c and 3f show variations of the U
(`)
,t for the top and the bottom of the dynamo domain. In both cases,
the spectral harmonics vary with a period equal to half the period of the dynamo cycle (' 11 years). Moreover, at
the top of the convection zone, the harmonic ` = 9 shows the most significant variations among the others. We see
that the development of the cycle is accompanied by a phase shift progressing from high- to low-order harmonics. The
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Figure 4. The same as in Fig. 3 for Model C4.
maximum of the ` = 9 harmonic corresponds to the initiation of the extended mode of the solar torsional oscillations
at high latitudes. Near the bottom of the convection zone, the ` = 3 harmonic shows the largest variations. At the
bottom of the convection zone, the torsional oscillation propagates to the equator for about 12 years (Fig. 3e).
Next, we consider the long-term variations of the torsional oscillations in models C4 and C5. Figure 2 shows variations
of the α-effect parameter in these models, formulated in Sec. 2.2. In Figure 4, we show the time-latitude diagrams and
the long-term evolution of the zonal acceleration modes for model C4. The increase of the LSMF strength increases the
magnitude of the torsional oscillations. In the strong cycles, the polar branch of the torsional oscillations disappears.
Figure 5 shows that, in the subsurface layer, the ` = 9 harmonic remains dominant during the periods of high and
low activity. At the bottom of the convection zone, the ` = 3 harmonic dominates during the long-term maxima, and
the ` = 5 harmonic becomes stronger than the ` = 3 harmonic during the activity minima.
Figure 6 shows the time-latitude diagrams for the toroidal and radial magnetic field, torsional acceleration ∂tUφ,
spectral coefficients U
(`)
,t for model C5. The selected time interval includes about seven full dynamo cycles and covers
about 150 years. In the subsurface layers, the strength of the toroidal LSMF changes from about 0.5kG during the
centennial minima to 1.5 kG during the maxima. Simultaneously, the magnitude of the total flux of the toroidal field
in the upper part of the convection zone, FT changes in the range of (0.4− 1.2)× 1024 Mx. The strength of the radial
dipole LSMF is in the range of 2-5 G. The cycle duration varies from about 8-9 years for the high amplitude cycles to
12-13 years for the weak cycles. The weakest cycle has a period of 16 years. The hemispheric asymmetry of magnetic
activity in the model is not strong. The model keeps the antisymmetric large-scale magnetic field structure relative to
the equator, which results in the dominance of the odd harmonics in the U
(`)
,t spectrum. Yet, we see sporadic excitation
of weak even harmonics, e.g., the harmonic of order ` = 8 at around t = 360 years in Fig. 6c. This is caused by the
deviation of magnetic parity from the pure antisymmetric relative to the equator, which is quite small in the presented
model. The spectrum of the torsional oscillations at the bottom of the convection zone in this model is qualitatively
similar to model C4.
3.2. Correlations between the dipole moment and toroidal fluxes
Figure 7 shows parameters FT and D and their cross-correlation for different phases of the magnetic cycles for models
C4 and C5. Figures 7a-b show the activity cycle of the toroidal magnetic flux, FT , and variations of the magnitude
of the dipole component of the radial magnetic field, D, for models C4 and C5. These properties reflect two basic
dynamo processes: generation of the large-scale toroidal magnetic field by the differential rotation and generation of
the poloidal magnetic field by the helical turbulence. Phases of the FT and D cycles are shifted by pi/2. This means
that the dipole magnitude, D, reaches its maximum at the minimum of the toroidal flux, FT , as this is observed in
the solar cycles.
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Figure 5. Model C4, mean spectra of the torsional oscillation harmonics of the odd order at the surface (black) and the bottom
of the convection zone (red), for the strong cycle (solid lines; the corresponding time interval around t = 50 yr, see Fig4) and
weak cycles (dashed lines; the corresponding time interval around t = 100 yr).
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Figure 6. The same as in Fig. 3 for Model C5.
Figures 7c-d show the correlations between the D magnitude in the cycle minima with the magnitude of FT during
the maxima of the subsequent cycle, for models C4 and C5. This correlation corresponds to the well-known empirical
relation between the polar magnetic field strength and the magnitude of the following sunspot cycle (Schatten et al.
1978). The quasi-regular model C4 has a higher correlation coefficient (R≈ 0.9) than model C5 produced with random
fluctuations of the α-effect (R≈ 0.69). Also, both models C4 and C5 have a strong correlation of D in the magnetic
cycle minimum with the toroidal flux FT integrated over the subsequent cycle (R≈ 0.97 and 0.95, respectively).
3.3. Correlations between the toroidal oscillations and the magnetic cycle magnitude
Torsional Oscillations and Helioseismic Predictions 9
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Figure 7. a) Parameters FT (black line, left scale) and D (red line, right scale) for model C5, b) correlation of the dipole
magnitude in the cycle minimum with FT in the subsequent maximum (blue squares) and the integral over the cycle FT (red
circles) in model C5; c) the same as b) for model C4
To explore correlations of the torsional oscillations with the magnetic activity, we apply the cross-correlation analysis
of time-latitude variations of the ∂tUφ and magnitudes of the toroidal magnetic field flux in the North and South
hemisphere, FNT , F
S
T .
Figures 8a and 8c show the time-latitude cross-correlations of the time series of F
(N)
T and F
(S)
T with the time series
of the zonal acceleration, ∂tUφ, at the top and near the bottom of the convection zone for model C4. We see that the
cross-correlation diagrams as a function of latitude and the lag time reproduce the mean torsional oscillation pattern,
including the extended mode. At the surface, the evolution of ∂tUφ at ±60◦ latitudes is ∼ 12 years ahead of F (N)T ,
F
(S)
T with the correlation coefficient R≈0.65. A tighter connection is found between the surface fluxes and ∂tUφ at
the bottom of the convection zone, r = 0.76R. These variations show a much longer impact on the evolution of the
FT parameters. We find that the correlation coefficient R≈ 0.72 with a time lag of about 12 years.
Figures 8b and 8d show the scatter plots for the zonal acceleration at ±60◦ latitudes vs the subsurface toroidal fluxes
with the 12-year time lag for the individual values during the dynamo cycles and the mean correlation coefficients. For
∂tUφ at r=0.76R, in addition to the correlation with the flux parameters for the 12-year lag, there is a considerable
correlation for the time lag of about 19 years. The latter is equal to the mean period of the extended cycle in model
C4. The magnitude of this correlation is R≈0.63. The correlations for the spectral coefficients U (`),t and FT have
similar values.
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Figure 8. Model C4: a) cross-correlations of the time series of the total magnetic flux in the subsurface layer in the Northern
and Southern hemispheres and parameters of the zonal acceleration, contours show the R-levels of values ±0.6, ±0.7, and ±0.8;
b) the total toroidal flux in the North (blue squares), FNT , and South F
S
T , (red squares) vs the zonal acceleration ∂tUφ at ±60◦
latitudes with the time lag of about 12 years; c) and d) the same as in panels a) and b) for r = 0.76R.
Also, we study the cross-correlation between continuous time-series of ∂tUφ and the maxima of F
N
T , F
S
T as a function
of the time lag and latitude. The results for model C4 are shown in Figure 9. We find that, in the subsurface layer,
the polar variations of the ∂tUφ correlate with following maxima of the surface fluxes F
(N)
T , F
(S)
T with the time lag of
about 12 years, with the correlation coefficient R=0.82. Besides, the magnitude of the extended mode of ∂tUφ at the
latitudes ±60◦ correlates with the F (N)T , F (S)T maxima with the time lag of 19 years, R=0.78. The variations of ∂tUφ
at the base of the convection zone at r = 0.76R show a higher level correlations of R=0.88 for the same time lag.
Also, results in Figure 9b) and d) show that the correlation coefficients are higher during the centennial rise of the
magnetic activity (squares) than those during the centennial decline (full circles). Similar conclusions can be drawn
about correlations for the spectral coefficients U
(`)
,t both for the top and the bottom of the convection zone.
We note that, in model C4, the correlations of the flow parameters with the maxima of the total magnetic flux
of the following cycles are higher than the correlations with the continuous time-series of the flux FT . The opposite
situation is found for model C5. The results of this model are shown in Figures 10 and 11. We find that the continuous
time-series of FT have the correlation coefficient R≈0.77 for the 11-year time lag the polar variations of ∂tUφ both at
the surface and at r = 0.76R. We find that the correlation coefficients of the FT maxima correlate with the polar
variations ∂tUφ for the 11-year time lag are R≈-0.6 at the surface and at r = 0.76R.
4. DISCUSSION AND CONCLUSIONS
In the study, using the solar-type non-linear dynamo models, we explored relationships between the torsional os-
cillations and the magnetic activity cycles and investigated the potential of these relationships for magnetic cycle
forecasting. The idea is not new; for example, Yoshimura & Kambry (1993) found evidence that variations in the
total angular momentum on the surface were ahead of the centennial variations in the magnetic activity of the Sun. A
similar effect was found in models of Knobloch et al. (1998) and Pipin (1999). Based on the helioseismic analysis of the
evolution of the torsional oscillations in the convection zone, Kosovichev & Pipin (2019) argued that the magnitude of
the zonal deceleration in the high-latitude region (at ∼ 60◦ latitude) at the base of the convection zone (at ∼ 0.76R)
during a solar maximum may provide information about the following solar maximum, that is about 11 years ahead.
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Figure 9. Model C4 (with the ‘centennial’ activity variations): a) cross-correlations of the time series of the total magnetic
flux in the subsurface layer in the Northern and Southern hemispheres and parameters of the zonal acceleration, contours show
the R-levels of values ±0.6, ±0.7, and ±0.8; b) the total toroidal flux in the North (blue symbols), FNT , and South FST , (red
symbols) vs zonal acceleration ∂tUφ at ±60◦ latitudes with the time lag of about 12 years; c) and d) the same as in panels a)
and b) for the zonal acceleration at r = 0.76R. Squares show the cycle properties during the periods of the ‘centennial’ rise of
magnetic activity, full circles - during the decline periods.
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Figure 10. The same as in Figure 8 for model C5. Note that panel d) shows the correlation of the polar variations of ∂tUφ
at r=0.76R and the maxima of FNT , F
S
T with a time lag of 19 years.
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Figure 11. The same as in Figure 9 for model C5 with random variations of the activity cycles.
However, the helioseismology observations cover only the last two solar cycles, so this relationship cannot be verified
observationally.
In this paper, we used the previously investigated the relationships between properties of the torsional oscillations
at the top and bottom of the convection zone and the surface toroidal magnetic flux characterizing the strength of the
activity cycles. The torsional oscillations in our model are caused by the influence of the dynamo generated large-scale
magnetic field on the heat transport and turbulent angular momentum fluxes inside the convection zone, and reproduce
the extended mode (see, Pipin & Kosovichev 2019). The extended mode of the torsional oscillations covers a period
of the full 22-year magnetic cycle. It was found that at the surface the maximum of the spectrum of the torsional
variations, represented by the azimuthal velocity acceleration, ∂tUφ, corresponds to the relatively high order harmonic
` = 9. Consequently, the spectrum of ∂tΩ = ∂tUφ/r sin θ has the maximum for ` = 8. Our models do not show the
extended wave of torsional oscillations at the bottom of the convection zone where the spectral maximum is at ` = 3.
In our study, we identified several precursors which can be further elaborated for the problems of the solar cycle
forecasts. The cross-correlation analysis shows that the choice of the zonal acceleration precursors of the magnetic
activity cycles and the type of correlation analysis can depend on the nature of the magnetic cycle variations. For
the magnetic cycles during the long-term centennial variation, the best precursors can be found in the analysis of the
temporal relations of the ∂tUφ variations with the cycle maxima of the magnetic flux parameters. This is demonstrated
by the results of model C4. We note that solar magnetic activity also tends to show the centennial magnetic cycles
Usoskin (2013), sometimes called the Gleissberg cycles (Feynman & Ruzmaikin 2014). Model C4 shows that for this
type of the magnetic variations we can expect a high correlation of the polar variations of the zonal acceleration with
the magnetic flux parameters both for the surface flows and for the flows near the bottom of the convection zone at
r=0.76R, where variations of the zonal acceleration show correlations with the maxima of the subsurface toroidal
magnetic flux with the correlation coefficient R=0.93 with the time lag of about 12 and 19 years.
For model C5, which simulates random fluctuations of the cycle magnitude, the best correlations are found between
the continuous time-series of the zonal acceleration and the toroidal flux. In the best case, at the surface, the continuous
time-series of the toroidal flux correlates with the polar variations of the zonal acceleration with R≈-0.77 for the time
lag around 12 years. In agreement with the model C4 results, the higher R is found for shorter time-series on the
long-term growth or descend of the magnetic activity. Both dynamo models reproduce the correlation between the
dipole moment and the toroidal flux maximum for the time lag of 5-6 years (with R=0.7-0.9), which is currently
considered as the most robust relationship for the cycle prediction.
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Therefore, we conclude that these parameters of torsional oscillation have a longer forecast horizon than the pre-
dictions made with the help of the dipole components of the poloidal magnetic field of the Sun. The model results
show that for improving prediction of the solar cycles, it is essential to consider the continuous evolution of the cycle
properties, and not only their values during the cycle extrema. In fact, the continuous evolution of solar properties
for the cycle prediction had been studied in the past. For example, Makarov et al. (1989) studied a correlation of the
polar faculae activity and the evolution of the Wolf’s sunspot number parameter. The data assimilation in the dynamo
models (e.g. Kitiashvili & Kosovichev 2010; Dikpati et al. 2016; Hung et al. 2017) provides a systematic approach to
employ the continuous evolution of observed properties for solar cycle forecasting.
We checked these relationships for other dynamo models without the extended mode, such as model M7 from PK19,
in which the influence of the magnetic field on the heat transport was neglected. We did not find the same precursors
of the torsional oscillations in that model. We conclude that the extended mode of the torsional oscillations is crucial
for the cycle predictions based on flow characteristics. This conclusion is in general agreement with the suggestion
made by Kosovichev & Pipin (2019) based on a helioseismic analysis of the torsional oscillations.
In summary, it is found that the torsional oscillations parameters, including the extended 22-yr mode show a
considerable correlation with subsequent cycle magnitudes for the time lag in the range of 11-20 yr. The sign of
correlation and the time-delay parameters can depend on the properties of the long-term variations of the dynamo
cycle. This theoretical study should be extended using the available observations.
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